Abstract. WE prove that a function f (x, y) of real variables defined on a rectangle, having square integrable partial derivatives f 
Introduction
In the well known "Scottish Book" [6] S. Mazur posed the following question (VII.1935, Problem 66):
The real function z = f (x, y) of real variables x, y possesses the 1st partial derivatives f ′ x , f ′ y and the pure second partial derivatives f ′′ xx , f ′′ yy . Do there exist then almost everywhere the mixed 2nd partial derivatives f ′′ xy , f ′′ yx ? According to a remark by p. Schauder, this theorem is true with the following additional assumptions: The derivatives f ′ x , f ′ y are absolutely continuous in the sense of Tonelli, and the derivatives f ′′ xx , f ′′ yy are square integrable. An analogous question for n variables.
The existence and measurability of (mixed) partial derivatives were investigated by many mathematicians (see [1, , [4] , [3] , [14] , [13] , [8] , [2] , [12] , [5] , [7] and the literature given there). Mainly, these results give some sufficient conditions for existence (and equality) almost everywhere of mixed second partial derivatives, but they do not give any answer to the Mazur problem. In particular, G. Tolstov in [13] proved the following result (see also [7, Lemma 4] ). [12] a measurable function f : [0, 1] 2 → R which is a.e. differentiable on each horizontal segment as a function of one variable, but for which the set of the existence of partial derivative with respect to the first variable is non-measurable.
The Mazur problem was solved in the negative in [9] . It was constructed in [9] a separately twice differentiable function f : [0, 1] 2 → R, whose partial derivative f ′ x is discontinuous with respect to the second variable on a set A × B ⊆ [0, 1] 2 with µ(A) = 1 and µ(B) > 0. This example shows that for a separately twice differentiable function f : [0, 1] 2 → R the continuity of f ′ x with respect to the second variable plays an important role for the existence of f ′′ xx . Note that the second partial derivatives f ′′ xx , f ′′ yy of the function f from [9] are not integrable. Thus the following question naturally arises in the connection with Schauder's remark to the Mazur problem and the example from [9] . (ii) Do there exist almost everywhere mixed derivatives f ′′ xy and f ′′ yx ? In this paper we give the positive answer to Problem 1.3. In Section 2 (Corollary 2.3) we give some sufficient conditions on a function f (x, y) for the jointly continuity of the first partial derivative f ′ x . In Section 3 we prove an auxiliary statement (Proposition 3.3) on the consistency of the Fourier series of a function f and its partial derivative f ′ x , which we use in Section 4 for the proof of the main result of the paper (Theorem 4.1). Finally, in Section 5 we give two examples which show the essentiality of some assumptions in 
Using the continuity of f with respect to y, choose a neighborhood V of
By the Lagrange theorem, for every y ∈ V there is x y ∈ U such that
Therefore, for an arbitrary (
Then the function g is Hölder of the order 1 2 and constant √ c.
The next theorem is a simple combination of the previous two lemmas.
with respect to y, there exists f ′′ xx and
Then f ′ x is jointly continuous. For a function f :
Square integrable partial derivatives
a nm e inx e imy will denote that f is square integrable and n,m∈Z a nm e inx e imy is the Fourier series of f which converges to f in the L 2 -norm. The same concerns a function f : [0, 2π] → C.
Lemma 3.2. Let f ∼ n,m∈Z a nm e inx e imy , α n ∼ m∈Z a nm e imy , n ∈ Z and f y (x) := f (x, y).
Then there exists a subset B ⊆ [0, 2π] with µ(B) = 2π such that ∀ y ∈ B the function f y is square integrable and
Proof. For every n ∈ Z we consider the linear continuous operator T 1,n :
, which any function g ∼ n,m∈Z b nm e inx e imy sends to the function T 1,n g ∼ m∈Z b nm e imy . Note that T 1,n f = α n for every n ∈ Z. Besides we consider the linear operator T 2,n :
for every measurable on[0, 2π] function h, by the Fubini theorem we have
Thus T 2,n is continuous. Since T 1,n (e ikx e imy ) = T 2,n (e ikx e imy ) for every k, m ∈ Z, T 1,n = T 2,n , in particular, T 2,n f = α n . By the Fubini theorem there exists a set
for all y ∈ B 1 . Now we choose a set B ⊆ B 1 with µ(B) = 2π such that α n (y) =
So, by the Fubini theorem,
Consider the function h(x, y) = f (x, y) − α(y). For every y ∈ B and x ∈ [0, 2π] we have
and h is square integrable. So f is square integrable too. Let
a nm e inx e imy . Now using Lemma 3.1 and the Fubini theorem for every m, n ∈ Z, n = 0, we have
Main result
The following theorem gives a positive answer to the Mazur problem for functions with square integrable pure partial derivatives (Problem 1.3) . Once more, using Proposition 3.2 we choose a set A 2 ⊆ A 1 so that µ(A 2 ) = 2π and for every x ∈ A 2 , the function h x is square integrable and h x ∼ m∈Z imα m (x)e imy , where h x (y) := h(x, y). Put
Using Theorem 3 of [10, Ch. X, §4] on the termwise integration of Fourier series of absolutely integrable functions, we obtain that for every x ∈ A 2 the equality
imy is satisfied. Note that the function F is square integrable (it may be obtained analogously as the square integrability of h in the proof of the Proposition 3.3). 
Since f is continuous with respect to the second variable, G is jointly continuous and B is dense in [0, 2π], f (x, y) = G(x, y) for every (x, y) ∈ [0, 2π] 2 . According to §7 from [13] , a.e. there exist mixed derivatives f ′′ xy and f ′′ yx which are a.e. equal to h and hence are square integrable.
(ii), (iii). It follows from the proof of (i) that for every n ∈ N there exists a function G :
Therefore f is jointly continuous on (0, 1) 2 and according to §7 from [13] there exists A 0 ⊆ [0, 1] with µ(A 0 ) = 1 such that f ′ x is continuous with respect to y at every point of A × (0, 1). It remains to use this fact to some separately twice differentiable extensioñ f : (−1, 2) 2 → R of f with square integrable derivativesf ′′ xx andf ′′ yy . 
Examples, questions
For a real valued function f , we denote suppf = {x ∈ R : f (x) = 0}. The following example shows that the assumption Proof. Let
(a n,k , b n,k ) be a Cantor type set of positive measure such that (1) 0 < a n,k < b n,k < 1 for every n and k; (2) a n,k = b m,l for every n, m ∈ N, k ≤ 2 n−1 and l ≤ 2 m−1 ; (3) b n,k − a n,k = b n,l − a n,l for every n ∈ N and k, l ≤ 2 n−1 . Let {a n,k , b n,k : n ∈ N, 1 ≤ k ≤ 2 n−1 } = {p n : n ∈ N}, ϕ : N → N 3 be a bijection. Inductively for n we choose a sequence (W n ) ∞ n=1 of rectangle
Note that E = C 2 ⊆ {w n : n ∈ N} for every sequence (w n ) ∞ n=1 of points w n ∈ W n .
Let ψ : R → R + be an arbitrary infinitely differentiable function with supp ψ(y) = (0, 1) and max x∈[0,1] |ψ(x)| = 1. For every n ∈ N we put ε n = b n − a n = d n − c n , ϕ n (x) = ψ x − a n ε n and ψ n (y) = ψ y − c n ε n .
Consider the function
It follows from (b) that f is separately infinitely differentiable. Clearly,
Thus f satisfies the condition (ii). We show that f satisfies the condition (iii). For every n ∈ N we choose u n ∈ U n and v n ∈ V n such that
x is jointly discontinuous at every point of E.
Analogously f ′ y is jointly discontinuous at every point of E. The following modification of the example from [9, Theorem 3.2] shows that the assumptions of the existence of f ′′ yy and f ′′ xx everywhere on the rectangle [0, 2π] 2 in Theorem 4.1 cannot be weakened. (a n , b n ).
Let ψ : R → R + be an arbitrary twice differentiable function with supp ψ(y) = (0, 1), ψ n (y) = ψ y − a n b n − a n , n = 1, 2, . . . In this connection the following question naturally arises. 
